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A B S T R A C T

A Rayleigh mixing rule that relates the effective imaginary part of the refractive index of a composite medium, 
such as an aerosol or colloid, to the complex refractive index of the Rayleigh particles is derived using Rayleigh 
scattering theory. The derivation is simple, straightforward, and only weakly dependent on particle morphology. 
The Rayleigh mixing rule offers an opportunity to derive the imaginary part of refractive index spectra of 
Rayleigh particles, suspended in a non-absorbing medium with known refractive index spectrum, from an 
extinction spectrum of the composite medium. However, for this application, the real refractive index spectrum 
of the particle must be known reasonably well and the imaginary part must be known well enough to decide 
between two mathematical solutions for it. The Rayleigh mixing rule is compared with widely used mixing rules 
(i.e., volume, Maxwell Garnett, and Bruggeman mixing rules) and we show that in the small volume fraction 
regime both the Maxwell Garnet and Bruggeman mixing rules agree with the Rayleigh mixing rule.

1. Introduction

If small (compared to wavelength), absorbing particles are sus
pended dilutely in a non-absorbing medium (gas or liquid), a relation
ship is needed to relate the imaginary part of the particle refractive index 
to the bulk absorption coefficient of the composite medium. The term 
“composite medium” is used here to refer to the aerosol or colloid. Such 
a relationship can be used to directly relate the effective imaginary part 
of the refractive index or bulk absorption coefficient of the composite 
medium to the volume fraction and complex refractive index of the 
suspended particles. Obvious choices for such a relationship are various 
effective medium theories and their mixing rules (nicely summarized 
and tested by Chýlek et al. [1]). Here, we use Rayleigh scattering theory 
for a simple derivation of a mixing rule that achieves this goal. We 
compare this Rayleigh mixing rule with some common existing mixing 
rules.

The Rayleigh mixing rule can also be used to address the inverse 
problem of deriving the imaginary part of the particle refractive index 
from the absorption coefficient of the composite medium. This is quite 
useful because in the Rayleigh regime, where scattering is negligible, the 
absorption coefficient of a colloid can readily be measured as function of 

wavelength over the solar spectral range with a spectroradiometer. In 
addition, a wide variety of nanoparticles have recently become 
commercially available and colloids of such nanoparticles can be used 
for determining the imaginary part of the refractive index for the ma
terial that the nanoparticles consist of, generally only weakly dependent 
on particle shape.

2. Absorption in the Rayleigh regime

Consider a system of homogeneous, spherical particles suspended in 
a non-absorbing medium. In the medium, their relative refractive index 
m is the ratio of their complex refractive index m0 and the real refractive 
index nm of the surrounding medium [2,3], hence 

m = n + i κ =
m0

nm
=

n0

nm
+ i

κ0

nm
. (1) 

In Eq. (1), i =
̅̅̅̅̅̅̅
− 1

√
is the imaginary unit number and n and κ are the 

real and imaginary parts of the relative particle refractive index, 
respectively. Using these refractive indices, the particle optical proper
ties in the medium can be calculated using the particle size parameter x 
as 
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x =
2πr

λ
, (2) 

where r is the particle radius and λ the wavelength of the light in the 
surrounding medium, that is the vacuum wavelength divided by the 
refractive index of the medium with λ = λvac/nm. For non-spherical 
particles, an effective radius re (re = 0.75 Vsp/A, where Vsp is the vol
ume of a single particle and A is its projected area averaged over random 
orientations) is best used to calculate the size parameter [4]. Note that 
for aerosols, the surrounding medium is often standard air with nm = nair 
= 1.0003 ≈ 1 in the visible [5], and then the particle refractive index m0 
and the vacuum wavelength λvac can often be used directly. However, for 
colloids suspended in liquid media, the refractive index of the liquid nm 
in the visible may be substantially higher than 1, for example nm = nwater 
≈ 1.3 for liquid water [6], or as high as nm ≈ 1.9 as useful for index 
matching with sapphire optics [7].

In the small particle or Rayleigh limit (x ≪ 1andκx ≪ 1), Rayleigh 
theory gives a simpler and more easily understandable description of 
particle optics than Mie theory [8–12]. Rayleigh theory uses the 
Lorentz-Lorenz factor LL(m) [13,14] expressed elegantly in terms of the 
relative complex refractive index m as 

LL(m) =
m2 − 1
m2 + 2

, (3a) 

or more complicatedly as function of the real and imaginary components 
n and κ of the relative complex refractive index m (Eq. 1) as 

LL(n, κ) =
n2 − κ2 − 2 + (n2 + κ2)

2
+ i 6nκ

(n2 − κ2 + 2)2
+ 4n2κ2

. (3b) 

The imaginary part of LL(m) (i.e., Im[LL(m)]) is conventionally 
denoted as E(m) [10,15,16] and can be written as 

E(m) = Im[LL(m)] =
6nκ

(n2 − κ2 + 2)2
+ 4n2κ2

=
2
3

κ ξ(m), (4a) 

where ξ(m), a function of the relative complex refractive index m, was 
previously defined as [17,18] 

ξ(m) =
9n

(n2 − κ2 + 2)2
+ 4n2κ2

. (4b) 

The Rayleigh particle absorption efficiency Qabs Ray (ratio of ab
sorption cross-section to geometric cross-section) for spherical particles 
can be written simply as [10] 

Qabs Ray(x,m) = 4xE(m), (5a) 

yielding the Rayleigh absorption cross-section Cabs Ray[19] as 

Cabs Ray(x,m) =
6π
λ

Vsp E(m) =
4π
λ

Vsp κ ξ(m), (5b) 

where Vsp is the volume of a single particle. Eq. (5b) illustrates that a 
linear dependence of the Rayleigh absorption cross section on the 
imaginary part of the refractive index κ, as perhaps expected intuitively, 
is modified by the function ξ(m); this is the utility of ξ(m).

Following Eq. (5b), the bulk Rayleigh absorption coefficient βabs Ray 

of a composite medium with a particle number density N/V (N absorbing 
particles per volume V) in a non-absorbing medium [19] becomes 

βabs Ray(x,m) =
N
V

Cabs Ray(x,m) =
N
V

6π
λ

VspE(m) =
N
V

4π
λ

Vsp κ ξ(m).

(6a) 

Note that βabs Ray(x,m) has units of inverse length, hence its inverse 
can be thought of as a photon mean free path. Using the total particle 
volume Vtp = NVsp suspended in the volume V and the particle volume 
fraction fv = Vtp/V yields 

βabs Ray(m) =
6π
λ

N Vsp

V
E(m) =

6π
λ

Vtp

V
E(m) =

6π
λvac

fVnmE(m), (6b) 

using the relationship λ = λvac/nm for the final result of Eq. (6b). Eq. (6b)
gives the bulk Rayleigh absorption coefficient of the composite medium 
as a simple function of the particle volume fraction fv, the refractive 
index nm of the non-absorbing medium, and the imaginary part E(m) of 
the Lorentz-Lorenz factor LL(m). Note that there is no explicit depen
dence of the absorption coefficient on particle size within the Rayleigh 
regime, just on total particle volume Vtp, because for κx≲0.1 light fully 
penetrates particles and consequently particles act as volume absorbers 
[9,20].

3. Rayleigh mixing rule for small absorbing particles suspended 
in a non-absorbing medium

The absorption coefficient βabs of a bulk medium with the complex 
refractive index m directly relates to the imaginary part κ of its refractive 
index as [8,11] 

βabs(m) =
4π
λvac

κ . (7) 

We invert Eq. (7) to write the imaginary part of the effective 
refractive index of the composite medium κeff Ray as function of the 
Rayleigh absorption coefficient βabs Ray of this medium as 

κeff Ray(m) =
λvac

4π βabs Ray(m). (8a) 

We further use Eq. (8a) and Eq. (6b) to obtain 

κeff Ray(m) =
3
2
fVnmE(m) = fVnmκ ξ(m) = fVnmκ

9n
(n2 − κ2 + 2)2

+ 4n2κ2
,

(8b) 

and replacing the imaginary part of the refractive index of the particle in 
the medium κ with κ0/nm (see Eq. 1) yielding 

κeff Ray(m) = fVκ0 ξ(m) = fVκ0
9n

(n2 − κ2 + 2)2
+ 4n2κ2

. (8c) 

This simple equation is our Rayleigh mixing rule giving the effective 
imaginary part of the refractive index of the composite medium κeff Ray 

as the product of the particle volume fraction fv, the imaginary part of 
the particle refractive index κ0, and the function ξ(m) of the complex 
refractive index m of the particle in the medium. With the exception of 
the function ξ(m), the Rayleigh mixing rule is identical to the volume 
mixing rule [1] and therefore, we further discuss ξ(m) in complex 
refractive index space below.

Also note that Eq. (8c) can be written as quadratic equation 

κ4 + κ2( 2n2 − 4
)
− κ

9nfVnm

κeff Ray
+
(
n2 +2

)
= 0 . (8d) 

and Eqs. (8c) and (8d) have the same four analytical solutions for κ = κ0/ 
nm, two of which are real with physical meaning (see Section 3.1 Use of 
Rayleigh mixing rule to determine the imaginary refractive index of particles).

A contour plot of the function ξ(m) of Eq. (8c) as function of the real 
and imaginary parts of the relative refractive index m, n and κ, respec
tively, of the particles in the medium, is shown in Fig. 1. Within the 
range of Fig. 1 (i.e., 1 ≤ n ≤ 4 and 0 ≤ κ ≤ 3), the maximum of ξ is ξmax =

ξ(n = 1, κ = 1) = 1.125 and the minimum of ξ is ξmin = ξ(n = 4, κ = 3) ≈
0.0548. This corresponds to a range of ξ(m) of more than a factor of 20 
within the plot range of Fig. 1. The contour lines in Fig. 1 are vertical for 
κ = 0, indicating that ξ(m) is independent of κ for κ ≈ 0. For relatively 
small n (i.e., 1 ≤ n ≤ 1.27) and a relatively wide range of κ (i.e., 0 ≤ κ ≤
1), the function ξ(m) remains within 12.5% of 1 (i.e., 0.875 ≤ ξ(m) ≤
1.125) and the factor ξ(m) can sometimes be neglected within this 
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regime. However, for the largest relative refractive indices shown in 
Fig. 1, this factor becomes very important (i.e., ξ(n = 4, κ = 3) ≈ 0.0548). 
Even larger refractive indices have been reported for metals at longer 
wavelengths, yielding even smaller values for ξ(m). Recall from Eq.1
that relative refractive indices for the particles in the medium (i.e., m, n, 
κ) used here are the particle refractive indices (i.e., m0, n0, κ0) divided by 
the real refractive index nm of the surrounding, non-absorbing medium.

Fig. 2 shows a log-log plot that demonstrates the functionality of 
κeff Ray as a function of the imaginary part of the relative refractive index 
κ, for set values of the real part n = 1.0, 2.0, 3.0, 4.0. Fig. 2 essentially 
shows log-log x-y plots along four vertical lines (for the four set values of 
n) through the contour plot shown in Fig. 1.

For small κ (i.e., κ ≪ 1andκ ≪ n), it can be seen in Fig. 2 that 
κeff Raycan be approximated as 

κeff Ray(m) ≈ fvnm
9n

(n2 + 2)2 κ = fv
9n

(n2 + 2)2κ0, κ≪1 and κ≪n, (9) 

which can easily be obtained by dropping the κ2 and κ4 terms from the 
denominator of Eqs. (8b, 8c), corresponding to ξsmall K(m) = 9n

(n2+2)2 in

dependent of κ. Eq. (9) still resembles the volume mixing rule with an 
additional, but simplified (compared to ξ(m) in Eqs. 8) modifying factor 
of ξsmall K(m) = 9n

(n2+2)2
. In Fig. 2 it can be seen that κeff Rayfollows Eq. (9)

to κ ≈ 0.8, including the range of κ found for most dominant components 
of atmospheric aerosols in the visible spectrum, with the possible ex
ceptions of black carbon and hematite [21,22].

For large κ (i.e., κ ≫ 1andκ ≫ n), the dominant term in the denom
inator of Eq. (8c) is κ4, and thus κeff Ray limits to 

κeff Ray(m) ≈ 9nmfvnκ− 3 = 9n0 fv
n3

m

κ3
0
, κ≫1 and κ≫n, (10) 

corresponding to ξlarge K(m) = 9n
κ4 . Fig. 2 shows that κeff Ray follows Eq. 

(10) starting at κ ≈ 10. There is a cross over region between κ ≈ 0.8 and κ 
≈ 10 in which the full functionality of Eqs. (8b, 8c) is needed.

Similar arguments as above can be made for the functionality of 
κeff Raywith the real part of the relative refractive index n. For small n (i. 
e., n ≪ 1andn ≪ κ), Eqs. (8b,c) can be approximated as 

κeff Ray(m) ≈ fvnm
9κ

(2 − κ2)
2 n = fv

9κ
(2 − κ2)

2n0, n≪1 and n≪κ, (11) 

corresponding to ξsmall n(m) = 9n
(2− κ2)

2.

For large n (i.e., n ≫ 1andn ≫ κ), Eqs. (8b, 8c) can be approximated 
as 

κeff Ray(m) ≈ 9fvnmκ n− 3 = 9fvκ0 n− 3, n≫1 and n≫κ, (12) 

corresponding to ξlarge n(m) = 9
n3.

Fig. 3 shows a log-log plot that demonstrates the functionality of 

Fig. 1. Contour plot of the function ξ(m) as function of the real and imaginary 
parts of the refractive index of the particle in the medium, n and κ, respectively.

Fig. 2. Plot of κeff Ray(m) for set real parts of the relative refractive index of the particles n = 1, 2, 3, 4 with a refractive index of the medium of nm = 1.2 and volume 
fraction of fv = 0.15, as a function of the relative imaginary part κ of the refractive index of the particles.
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κeff Ray as a function of the real part of the relative refractive index n, for 
set values of the imaginary part κ = 0.01, 0.1, 1.0, 3.0, and10.0, 
essentially log-log x-y plots along five horizontal lines (for the five set 
values of κ) through a contour plot like the one shown in Fig. 1. In Fig. 3, 
the large and small n behaviour described by Eq. (11) and Eq. (12) can 
been seen, as well a cross over region like that found in Fig. 2. The cross 
over region in Fig. 3 contains the range of the most common real parts of 
the relative refractive index 0.5≲n≲5.0; therefore, the full functionality 
of Eqs. (8b, 8c) is generally needed.

Fig. 4a shows κeff Ray as function of the real part of the relative 
refractive index n, for κ = 0.01, 0.1, 1 on a log-linear plot over this range 
and it can be seen that when κ≲1, κeff Ray approximately follows an 
exponential functionality in the region 1.0≲n≲4.5 given by 

κeff Ray(m) ≈
9
4
fvnmκe−

3
4 n

=
9
4
fvκ0e−

3
4 n
, 1.0≲n≲4.5. (13) 

However, as κ increases past unity, Fig 4b demonstrates that the 
functionality of κeff Ray in the range 1.0≲n≲4.5 transitions back to that of 
Eq. (11). This is not due to n being much less than unity, but to κ 
becoming large compared to n.

3.1. Use of Rayleigh mixing rule to determine the imaginary refractive 
index of spherical particle ensembles

Dispersing an ensemble of spherical, homogeneous Rayleigh regime 
particles into a non-absorbing liquid with known refractive index nm and 
measuring the bulk absorption coefficient βabs of the resulting colloid 
can be used to determine the imaginary part of the particles. With a 
measured βabs the κeff Ray of the colloid can be determined using Eq. (8a), 
followed by an inversion process to determine the imaginary part of the 
relative refractive index κ for the Rayleigh particles and thus κ0 = κnm, 

Fig. 3. Log-Log plot of κeff Ray(m) for set imaginary parts of the relative refractive index of the particles κ = 0.01, 0.1, 1.0, 3.0, 10.0 with a refractive index of the 
medium of nm = 1.2 and volume fraction of fv = 0.15, as a function of the relative real part of the refractive index of the particles.

Fig. 4. (a) Log-linear plot of κeff Ray(m) for set imaginary parts of the relative refractive index of the particles κ = 0.01, 0.1, 1.0 as a function of the relative real part of 
the refractive index of the particles. (b) Log-linear plot of κeff Ray(m) for set imaginary parts of the relative refractive index of the particles κ = 3.0, 10.0 as a function 
of the relative real part of the refractive index of the particles.
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the imaginary part of the Rayleigh particles refractive index. Such a 
measurement of the colloid’s bulk absorption coefficient can be 
straightforward in the Rayleigh regime because then the extinction is 
nearly equal to the absorption. For example, for sufficiently small, 
absorbing particles in the Rayleigh regime the single scattering albedo, 
SSA ~ x3 [10]. Once this is established, the absorption spectrum of the 
colloid can readily be determined with a spectrophotometer to yield the 
spectrum of the imaginary part of the refractive index of the particle 
material.

To obtain the imaginary part of the particle refractive index κ0, Eqs. 
(8b or 8d) can be solved analytically to yield expressions for κ and κ0. 
Because these expressions are quite lengthy, this is best done using 
symbolic computation. Here we used Mathematica [23] yielding four 
analytical solutions for κ = κ0/nm, two of which are real and positive 
with physical meaning. The Mathematica notebook, complete with 
analytical solutions, is included in the Appendix.

A more intuitive approach examines Figs. 1 and 2 noticing that each 
value of κeff Ray has two positive solutions for κ and κ0 because absorp
tion increases proportionally to κ for small κ (see Eq. 9 and Fig. 2), then 
peaks in the cross over regime (Fig. 2), followed by absorption 
decreasing proportional to κ− 3 for large κ (i.e., κ ≫ 1) once particles 
become metallic and light only poorly penetrates them with the skin 
depth becoming smaller than the particle size [10,24]. Similarly, Fig. 3
shows there are also two n values for each κeff Ray.

Therefore, to determine the imaginary part of particle refractive 
index of spherical particles in the Rayleigh regime from absorption 
measurements, the following conditions need to be fulfilled: 

1. The refractive index of the non-absorbing liquid used for particle 
suspension must be known;

2. The absorbing particles must be small enough to be in the Rayleigh 
regime with x ≪ 1andκx ≪ 1 resulting in SSA ≪ 1 and consequently 
negligible scattering [10];

3. The real part of the particle refractive index must be known 
reasonably well;

4. The imaginary part of the particle refractive index must be known 
well enough to know which of the two solutions (see Fig. 2) should be 
used.

Fulfilling some of these conditions is fairly easy while other ones 
pose some interesting challenges: 

1. Refractive indices of non-absorbing pure and binary liquids are 
generally well known [25,26];

2. SSA and consequently the scattering contribution to extinction can 
be estimated and reduced, if needed, by using smaller particles [10];

3. The real part of the particle refractive index must be known well 
enough to achieve the desired accuracy for the imaginary part with a 
detailed sensitivity analysis to be included in an upcoming manu
script [27]. If this is not the case, matching of the real parts of the 
liquid and the particle enables determination of this particle property 
and, at the same time, minimization of particle scattering (beneficial 
for (2));

4. The existence of two analytical solutions will generally only be a 
problem in the cross over regime near the absorption peak (Fig. 2); 
however, most particle materials have an imaginary part of the 
refractive index κ well below this peak with the possible exceptions 
of black carbon and hematite.

While some of these challenges are relatively straightforward, most 
of them require detailed analysis to estimate resulting measurement 
errors and potential improvements. This will be discussed in detail in an 
upcoming manuscript [27], but is outside of the scope of this paper.

3.2. Use of Rayleigh mixing rule for non-spherical particles

Particle polarizability depends on particle shape and that of non- 
spherical particles is different from that of spherical particles as used 
above. In Fig. 5, we explore the influence of particle shape on the 
Rayleigh absorption cross-section Cabs_Ray by plotting the ratio of this 
absorption cross-section for spheroids and for spheres for a few typical 
refractive indices (i.e, n = 1.3, 1.5 and κ = 0.1, 1.0) and aspect ratios 
ranging from 0.1 (oblate spheroid), 1.0 (sphere), to 10 (prolate 
spheroid) with analytical solutions taken from van de Hulst [11] and not 
repeated here. Curves with legend labelled with “κ ≤ 0.1” represent all 
curves with0 < κ ≤ 0.1, because these curves would be visually indis
cernible in Fig. 5 with maximum differences of ~0.1%. Note that the 
shape dependence for moderately aspect ratios between 0.5 and 2.0 is 
generally less than ~5% with somewhat larger discrepancies of less than 
~10% for aspect ratios near 0.5 and n = 1.5, κ = 1.0. Aspect ratios for 
atmospheric aerosols often have median values between 1.0 and 1.5 for 
urban regions [28], and of ~2.0 for mineral dust after long-range 
transport [29]. Therefore, it may be possible to ignore the often mod
erate (~5%) shape dependence of absorption cross section for atmo
spheric aerosols. However, examination of particle shapes and sizes with 
electron microscopy is recommended before using the Rayleigh mixing 
rule for a particular aerosols type.

4. Comparison with some other mixing rules

Here, we compare the effective imaginary part of the refractive index 
κeff i of the composite medium calculated with different mixing rules i 
with κeff Ray calculated with the Rayleigh mixing rule Eq. (8b) by 
calculating the ratio ri as 

ri(m) =
κeff i

κeff Ray
(14) 

for the following mixing rules: 

1. i = Vol: Refractive Index Volume Mixing Rule
2. i = MG: Maxwell Garnett Mixing Rule
3. i = B: Bruggeman Mixing Rule

For these mixing rules, we show the ratios ri in contour plots in the 
complex refractive index plane. In the case that ri has a dependence on 
the volume fraction, we will consider, fv = 0.1, 0.15, 0.2, 0.3.

4.1. Refractive index volume mixing rule

Our result for the Rayleigh mixing rule Eq. (8b) is quite similar to the 
expression for κeff Vol, given by the imaginary refractive index volume 
mixing rule for a non-absorbing medium as [1] 

κeff Vol(m) =
Vtp

V
κ0 = fvnmκ. (15a) 

The difference between Rayleigh mixing rule Eq. (8b) and the vol
ume mixing rule is the appearance of the factor ξ(m) in Eq. (8b) this 
gives the ratio rVol as 

rVol(m) =
1

ξ(m)
. (15b) 

Fig. 5 shows a contour plot of the function rvol(m) as a function of the 
real and imaginary parts of the refractive index of the particle in the 
medium, n and κ, respectively. The range of the real and imaginary parts 
in Fig. 6. are 1 ≤ n ≤ 4 and 0 ≤ κ ≤ 3. Within this range the maximum 
value of rvol is rvol,max (n = 4, κ = 3) = 18.25, and the minimum value of 
rvol is rvol,min (n = 1, κ = 1) = 0.889. Note that with the volume mixing 
rule Eq. (15a), the effective imaginary part of the refractive index of the 
bulk medium κeff Vol can be calculated simply as the product of particle 
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fractional volume fv, the non-absorbing medium’s refractive index nm, 
and the imaginary part of the refractive index κ of the particle material 
and inversely, κ can be determined simply from a measurement of the 
absorption and consequently imaginary part of refractive index of the 
composite medium. In contrast, for the exact Rayleigh solution Eq. (8b), 
the knowledge of the real part of the particle refractive index is also 
needed.

4.2. Maxwell Garnett mixing rule

Chýlek et al. [1] give the effective complex refractive index ac
cording to the Maxwell Garnett mixing rules as 

m2
eff MG(m) = n2

m
m2

0 + 2n2
m + 2fv

(
m2

0 − n2
m
)

m2
0 + 2n2

m − fv
(
m2

0 − n2
m
) . (16a) 

A factor of n2
m can be factored out of each term in the denominator 

and numerator of Eq. (16a) leading to 

m2
eff MG(m) = n2

m
m2 + 2 + 2fv

(
m2 − 1

)

m2 + 2 − fv
(
m2 − 1

) . (16b) 

It follows from Eq. (16b) that the imaginary part of the refractive 
index given by the Maxwell Garnett mixing rule is given by 

κeff MG(m) = nm Im

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m2 + 2 + 2fv(m2 − 1)
m2 + 2 − fv(m2 − 1)

√ ]

. (17) 

Eq. (17) can be calculated numerically or approximated by 
expanding Eq. (16b) in a Maclaurin series (i.e., a Taylor series expansion 
about fv = 0) [30], which gives 

m2
eff MG(m) ≈ n2

m

(

1+ 3
m2 − 1
m2 + 2

fv +3
(

m2 − 1
m2 + 2

)2

f2
v ⋯

)

. (18) 

Keeping the first two terms of Eq. 18 and solving for the imaginary 
part of meff MG leads to 

κeff MG(m) ≈ nm Im

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 3
m2 − 1
m2 + 2

fv

√ ]

. (19a) 

The square root can be expanded into a Taylor series as 
̅̅̅̅̅̅̅̅̅̅̅̅
1 + x

√
= 1+

1
2 x − 1

8x
2 + …

Neglecting quadratic and higher terms yields 

κeff MG(m) ≅ nm Im
[

1+
3
2

m2 − 1
m2 + 2

fv

]

= nm
3
2

fv Im
[
m2 − 1
m2 + 2

]

= nmfvκ ξ(m). (19b) 

Comparing Eq. (8b) and Eq. (19b) it can be seen that the approxi
mation of the Maxwell Garnett mixing rule for small particle volume 
fractions leads to the same κeff as our Rayleigh mixing rule.

A ratio of Eq. (17) and Eq. (8b) leads to 

rMG(m) =

Im

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m2+2+2fv(m2 − 1)
m2+2− fv(m2 − 1)

√
]

fvκ ξ(m)
, (20) 

Fig. 5. Ratio of absorption cross-section Cabs_Ray of spheroids and that of spheres as function of spheroid aspect ratio. Curves with legend labelled with “κ ≤ 0.1″ 
represent all curves with0 < κ ≤ 0.1.

Fig. 6. Contour plot of the function rvol(m) as function of the real and imaginary 
parts of the refractive index of the particle in the medium, n and κ, respectively.
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which can be calculated numerically. Fig. 7 shows a contour plot of the 
function rMG(m) as a function of the real and imaginary parts of the 
refractive index of the particle, Fig. 6a, 6b, 6c, and 9d have a volume 
fraction of fv = 0.1, 0.15, 0.2, 0.3, respectively. The range of the real and 
imaginary parts in Fig. 6 are 1 ≤ n ≤ 4 and 0 ≤ κ ≤ 3. Within this range, 
when the volume fraction is fv = 0.1, the maximum value of rMG is rMG, 

max (n = 1, κ = 2.61) = 1.094, and the minimum value of rMG is rMG,min (n 
= 1, κ = 0.007) = 1.0. Fig. 7a demonstrates the small volume fraction 
approximations that lead to the agreement between Eq. (8b) and Eq. 
(19b). As the volume fraction increases, the deviations between the 
Maxwell Garnett mixing rule and the Rayleigh mixing rule increases, at a 
volume fraction of fv = 0.3, the maximum value of rMG is rMG,max (n = 1, κ 
= 2.72) = 1.526, and the minimum value of rMG is rMG,min (n = 1, κ = 0.5) 
= 1.0. Even at a larger volume fraction of fv = 0.3, within the range 1 ≤ n 
≤ 2 and 0 ≤ κ ≤ 1, deviations between the Maxwell Garnett and Rayleigh 
mixing rules are still under 16%.

4.3. Bruggeman mixing rule

The Bruggeman mixing rule is similar to that of the Maxwell Garnett 
mixing rule, but has a symmetry not found in Maxwell Garnett. With the 
Bruggeman mixing rule no distinction is made between the medium and 
the inclusions [30], and is given by Chýleket al. [1] as 

fv med
n2

m − m2
eff B

n2
m + 2m2

eff B
+ fv

m2
0 − m2

eff B

m2
0 + 2m2

eff B
= 0, (21) 

where fv med is the fractional volume of the non-absorbing medium, and 
the condition fv med + fv = 1 is necessary. The symmetry of the Brugge
man mixing rule can be seen in Eq. (21), as the exchange of the medium 
and inclusion terms leads to the same equation. Eq. (21) can be solved 
for the Bruggeman effective refractive index leading to [30] 

m2
eff B(m) = n2

m
b +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8m2 + b2

√

4
, (22) 

where b is given by 

b =
(
2fv med − fv

)
+
(
2fv − fv med

)
m2. (23) 

The imaginary part of the Bruggeman effective refractive index can 
be found by taking the imaginary part of the square root of Eq. (22)
given by 

κeff B(m) = nm Im

⎡

⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8m2 + b2

√

4

√ ⎤

⎦. (24) 

The most straightforward way to arrive at a value for κeff B in Eq. (24)
is to calculate it numerically. However, when the volume fraction of the 
inclusions is fv ≪ 1, a Maclaurin series expansion can be used on Eq. (22)
leading to 

m2
eff B(m) ≈ n2

m

(

1+ 3
m2 − 1
m2 + 2

fv +9m2(m2 − 1)2

(m2 + 2)3f2
v ⋯

)

. (25) 

The first two terms of the expansion of the Bruggeman mixing rule 
are identical to that of the Maxwell Garnett found in Eq. 18, but the two 
mixing rules differ, when comparing the third term. As with the Maxwell 
Garnett, when fv ≪ 1 the third and higher order terms can be neglected 
in Eq. (25). Following the steps of the previous section leads to an 
identical expression as Eq. (8b), and Eq. (19b) for the Bruggeman mixing 
rule 

κeff B(m) ≅ nmfvκ ξ(m). (26) 

A ratio of Eq. (24) and Eq. (8b) leads to 

rB(m) =

Im

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m2+2+2fv(m2 − 1)
m2+2− fv(m2 − 1)

√
]

fvκ ξ(m)
, (27) 

which can be calculated numerically. Fig. 8 shows a contour plot of the 
function rB(m) as a function of the real and imaginary parts of the 
refractive index of the particle, Fig. 8a, 8b, 8c, and 8d have a volume 
fraction of fv = 0.1, 0.15, 0.2, 0.3 respectively. The range of the real and 
imaginary parts in Fig. 8 are 1 ≤ n ≤ 4 and 0 ≤ κ ≤ 3. Within this range, 
when the volume fraction is fv = 0.1, the maximum value of rB is rB,max (n 

Fig. 7. Contour plot of the function rMG(m) as function of the real and imaginary parts of the refractive index of the particle in the medium, n and κ, respectively. (a) 
The volume fraction is fv = 0.1. (b) The volume fraction is fv = 0.15. (c) The volume fraction is fv = 0.2. (d) The volume fraction is fv = 0.3.
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= 1, .04κ = 2.61) = 2.69, and the minimum value of rB is rB,min (n = 1, κ 
= 1.006) = 0.95. Fig. 8a demonstrates the small volume fraction ap
proximations that lead to the agreement between Eq. (8b) and Eq. (26), 
but it also can be seen that the small volume fraction approximations 
that lead to Eq. (26) are not nearly as accurate when applied to the 
Bruggeman mixing rule. As the volume fraction increases, the deviations 
between the Bruggeman mixing rule and the Rayleigh mixing rule in
crease, at a volume fraction of fv = 0.3, the maximum value of rB is rB,max 
(n = 4, κ = 3) = 8.9, and the minimum value of rB is rB,min (n = 1, κ =
1.05) = 0.88. The contour plot for rB in Fig. 8 show that there is a much 
greater dependence on both the real and imaginary parts of the refrac
tive index of the particle for the Bruggeman mixing rule.

5. Conclusions

We have derived a Rayleigh mixing rule for composite media in a 
simple way with no additional assumptions from the Lorentz-Lorenz 
equations governing spherical particle optics in the Rayleigh regime. 
This mixing rule directly relates the effective imaginary part of the 
refractive index of a composite medium, such as an aerosol or colloid, to 
the complex refractive index of the suspended Rayleigh particles and the 
refractive index of the non-absorbing, surrounding medium. We further 
inverted this mixing rule toward determining the imaginary part of 
refractive index of the particles from an extinction measurement for the 
composite medium. This inversion generally yields two mathematical 
results and some a priori knowledge is needed to decide upon the 
appropriate solution.

Therefore, the Rayleigh mixing rule offers an opportunity to deter
mine the imaginary part of refractive index spectra of Rayleigh particles, 
often only weakly dependent on their morphology from an extinction 
spectrum of the composite medium. For this, Rayleigh particles with a 
reasonably well-known real refractive index are suspended in a non- 
absorbing medium with known refractive index spectrum and the 
extinction spectrum is acquired with a spectroradiometer. Details and 

constraints of this use of the Rayleigh mixing rule will be presented 
elsewhere [27].

The Rayleigh mixing rule is compared with three widely used mixing 
rules (i.e., volume, Maxwell Garnett, and Bruggeman mixing rules) and 
we show that, in the small volume fraction regime, both the Maxwell 
Garnet and Bruggeman mixing rules agree with the Rayleigh mixing 
rule.
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Appendix

Mathematica Notebook including four analytical solutions of Eq. 8d
for κ = κ0/nm,; two of these solutions are real and positive with physical 
meaning.
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Refractive Index Immersion Liquid for Superresolution 3D Imaging Using Sapphire- 
Based Aplanatic Numerical Aperture Increasing Lens Optics. Appl Opt 2016;55: 
3165–9.

[8] Bohren CF, Huffman DR. Absorption and scattering of light by small particles. New 
York: Wiley; 1998.

[9] Moosmüller H, Arnott WP. Particle Optics in the Rayleigh Regime. J Air Waste 
Manage Assoc 2009;59:1028–31.

[10] Moosmüller H, Sorensen CM. Small and Large Particle Limits of Single Scattering 
Albedo for Homogeneous, Spherical Particles. J Quant Spectrosc Radiat Transf 
2018;204:250–5.

[11] van de Hulst HC. Light scattering by small particles. New York: Dover Publications; 
1981.
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